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Using an extended version of K. B. M. method we have investigated the effect of finite ion tem-
perature on ion-acoustic solitary waves. Modulational instability has been discussed in a frame 
work of nonlinear Schrödinger equation. Some numerical results are also given. 

Introduction Mathematical Method 

Several au thors have made a t tempts to examine 
the effect of density gradients on the behaviour of 
solitons. 

Chen and Liu [1] have investigated the non l inear 
p ropaga t ion in an homogeneous medium in the 
model of non l inear Schrödinger equation. Gell and 
G o m b e r o f f [2] s tudied this in the f rame work of 
Kdv model . 

T h e effect of f ini te ion t empera tu re on ion-
acoustic solitary waves has been studied by Shiva-
moggi [3] in a f r a m e work of Korteweg-de Vries 
model . 

Here we have used the extended version of the 
K.B.M. me thod (see [4], [5]) to study the effect of 
f ini te ion t empera tu re on ion-acoustic solitary 
waves and der ive a non linear Schrödinger equa-
tion. 

Unl ike Shivamoggi we did not have to assume 
Po(x) = (h0(x)) f rom the beginning. We have also 
discussed the effect of the ion tempera ture and in-
homogeneous terms on the critical values of the 
wave n u m b e r for modula t iona l instability. 

It was pointed out by Kakutani and Sugimoto [4] 
that ion acoust ic waves with short wave lengths are 
unstable. More precisely they are unstable for wave 
number s > kc ~ 1.471 (AD)_1, where z D is the Debye 
length. 

We find that this value is increased distinctly 
owing to the presence of finite ion temperature , but 
the increment is slow for the presence of an inhomo-
geneous term. 

Reprint requests to Prof. Dr. R. K Roy Choudhury, 
Electronics Unit, Indian Statistical Institute, 203 Barrack-
pore Trunk Road, Calcutta 700035, India. 

The fundamenta l set of equat ions governing the 
propagat ion of non l inear ion-acoustic waves for a 
collision-less plasma composed of a warm- ion fluid 
and hot isothermal electrons are (see [6] and [7]): 

—+ — (n u) = 0, 
0/ ox 

du du + 11 

6/ ÖX 

o dp 
n 9.x 

dy/ 

l b 7 

dp dp du 

dt ox o x 

<$v 
ÖX2 

dn 
nP öx 

n , 

dy/ 

dx ^' 

(1) 

(2) 

(3) 

(4) 

(5) 

where n, ne, u, E denote respectively the ion-
density, the electron-density, the ion-f luid velocity 
and the electric field, a is the rat io of ion tempera-
ture to electron t empera tu re and p is the ion 
pressure. 

All the variables have been normal ized in the fol-
lowing way: 
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where ri is the number density, u' the flow density 
p' the ion pressure, T' the temperature, <P' the 
electrostatic potential, and .v' and t' are the space 
and time coordinates. The primed quantit ies mean 
unnormalized variables and the unprimed ones 
denote the normalized variables, i and e denote 
respectively the ion and electron and K denotes 
Boltzmanns constant. 

Using (2), (4), (5) we have, 

6 n 
ä 7 

c9u 
+ 

dx dt dx w2 
ÖU \ 61 I a dp 

u —— I + 1 

dx Öx \ n OA 

du du dp 
n h n u • o 

dt dx dx 

o_dp\ d2u 1 d2(u2) 
dx W dxdt + T dx2 

a dp du 1 d , 
— + + (u2) 

n OA dt 2 dx 
= 0 . (6) 

Let us seek the solution of the above equat ion in the 
form (s being a small parameter) 
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If a, a denote the complex ampli tudes of the 
plane wave solution of monochromat ic emission at 
zero order, then we have 
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together with the complex conjugate of the above 
relations. 

The dispersion relation that follows f rom the 
solutions (7) to (9) is as follows: 
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The second set of equations for 0 (£2) gives the 
secular free condition 

Aj + VgB, =0, 

where the group velocity V„ is given by 
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and b], b\ (complex) and y, / , yp (real) are constants 
independent of vv but dependent on a, ä. They are 
determined from the non secular conditions at 
higher orders, c. c. denotes complex conjugate. 
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Applying the non secularity conditions at 0 (e3) we obtain 
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where , /.2, /.3 are arbi t rary constants. When <r = 0, / , y conform to the paramete rs c x , c2 (see (30)) of [4]). 
Before we derive the nonlinear Schrödinger equat ion we find that e l iminat ion of the resonant terms gives 
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here /s, ys, yps are the coefficients of a a in / , y and yp 

respectively, and 
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Introducing the coordinate t rans format ion de-
fined as 

Z = 2-Veh) = s ( x - V g t ) , (29) 

T = t2 = E2 t , 

(25) can be reduced to the nonl inear Schrödinger 
equat ion 

da ö 2a , 
i — + P—I=Q a2 a + Ra. (30) 

When a = a2 = 0, a, = 0, P, Q, R conform to the 
form given by Kakutani and Sugimoto [4]. 

Discussion and Conclusion 

It was shown by Tanui t i and Ya j ima [8] and also 
Has imoto and Ono [9] that the plane wave solution 
of the nonlinear Schrödinger equa t ion is modula -
tionally unstable if P Q < 0. 

Now, if kc denotes the value such that P Q ^ 0 
according as k ^ kc then kc is called the critical 
wave number . 

To see the effect of finite ion tempera ture and 
inhomogenei ty we take n0(x), po(x) of the fo rm 
p0 (JC) = no (.v) = no (1 + a x), where a is a small num-
ber given by a = \ / L and numerical ly evaluate kc 

for some selected values of a: 

Values of kc. 

a 
a 

0 0.001 0.01 

0 1.471 1.605 1.650 
0.02 1.485 1.603 1.672 
0.025 1.490 1.627 1.678 
0.033 1.50 1.635 1.686 

Our results for <7 = 0, a 4= 0 d i f fer f rom those of 
Dur ran i et al. [5], But it must be ment ioned tha t 
their results do not conform to those obtained by 
Kakutani and Sugimoto in the l imit a —• 1. Also it 
seems that their values for kc do not conform to 
their own formula for Q as given in [5], 

The above table shows that the values of kc 

increase as o increases. The same holds for the 
inhomogenei ty parameter a, but in the latter case 
the rate of increase is slow and proport ional to Y^o • 
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